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In this article, we consider an ad-hoc deformation of the EPRL model for quantum gravity by a
cosmological constant term. This sort of deformation has been first introduced by Han for the case
of the 4-simplex. In this article, we generalise the deformation to the case of arbitrary vertices, and
compute its large-j-asymptotics. We show that, if the boundary data corresponds to a 4d polyhedron
P , then the asymptotic formula gives the usual Regge action plus a cosmological constant term. We
pay particular attention to the determinant of the Hessian matrix, and show that it can be related
to the one of the undeformed vertex.
I. MOTIVATION
Spin Foam models are tentative proposals for a path
integral formulation of quantum gravity. They are a very
active research subject, and have many connection points
with state sum models, tensor field theories, and loop
quantum gravity ([1] and references therein).
One of the most widely studied model ist the one by
Engle, Pereira, Rovelli and Livine [2].1 It provides the
definition of a so-called vertex amplitude Av, which as-
signs a transition amplitude to a spin network state,
which is interpreted as 3d boundary geometry. The
boundary is that of a small piece of 4d space-time (a
“vertex”), while the whole path integral is defined by
glueing many of these vertices to one large 2-complex
(e.g. described in [7–9]).
Each of the local boundary spin network states is de-
fined on a graph Γ. The spin network states on Γ form
a Hilbert space HΓ, and the amplitude can be regarded
as linear form on this space. The original EPRL ampli-
tude was defined on a complete graph K5, corresponding
to the boundary of a 4-simplex. The model has been
generalized to arbitrary graphs [10], although it can be
argued that the model would have to be amended to in-
clude the correct implementation of the volume simplicity
constraints [11, 12].
There is an asymptotic regime of the amplitude, in
which one can show it to be connected to the exponen-
tial of the Regge action, i.e. a discrete analogue of the
Einstein Hilbert action for general relativity [13]. This,
among others, is an indication of the connection between
the EPRL model and the path integral for quantum grav-
ity.
There are several versions of deformation of this model
∗ benjamin.bahr@desy.de
† giovanni.rabuffo@desy.de
1 Other models include the one by Barrett and Crane [3], Freidel
and Krasnov [4], Baratin and Thiemann [5], Baratin and Oriti
[6].
to include a non-zero cosmological constant. The most
technically clean one is a deformation of the underlying
group SU(2) to a quantum group SU(2)q, with q = e
2pii
k+2
a root of unity, where Λ = 6pi/(`2P k). [14–17]. One of the
earliest deformations of the model, however, was still on
the level of classical groups, by deforming AΓ, keeping
HΓ unchanged. The definition was given by Han [15],
for the case of a 4-simplex, and a partial analysis of the
asymptotic regime was given, which demonstrated the
emergence of the Regge action plus a cosmological con-
stant term.
While this ad-hoc deformation of the EPRL model
shows no obvious connection to the later definitions with
quantum groups, it is a useful tool for calculations. In
particular, in recent calculations concerning the RG flow
of the EPRL model (see [18–20]), it turned out to be
desirable to have a running cosmological constant. The
boundary graphs are more complicated in that case, so a
generalisation of Han’s deformation to more complicated
graphs is needed. This is what is going to be undertaken
in this article.
The plan of this article is as follows: First, we will
remind the reader of the definition of the undeformed
EPRL amplitude in section II. We will then give a general
definition of the deformed amplitude in section III. This
will be a straightforward generalisation of Han’s formula.
The main part of the article will be in the following sec-
tion IV, where we will consider the asymptotic analysis of
this amplitude in the general case. In particular, we will
prove the (highly non-trivial) statement, that the asymp-
totic of the deformed amplitude coincides with the un-
deformed one, apart from a cosmological constant term.
This requires a very careful handling of the determinant
of the Hessian matrix in the stationary phase approxi-
mation, and we will divert some of the (rather technical)
details to the appendix B.
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2II. THE UNDEFORMED MODEL
We consider a general spin foam vertex, for the
Riemannian signature EPRL-FK model, for Barbero-
Immirzi paramter γ ∈ (0, 1). The amplitude is a lin-
ear map on the boundary Hilbert space. A state in that
Hilbert space is given by boundary data, which is com-
pletely described by a directed graph Γ ⊂ S3 embedded
into a three-sphere. For example, for a 4-simplex the
graph is given by the complete graph with five nodes,
with the knotting as in figure 1. 2
FIG. 1. The boundary graph of a 4-simplex.
A boundary geometry on Γ is given by a collection of
spins jL ∈ 12N associated to the links L ∈ Links(Γ) of Γ,
and a collection of 3d unit vectors nNL associated to pairs
of nodes N ∈ Nodes(Γ) of the graph, and links L which
are connected to N . For all L ⊃ N , the corresponding
unit vectors are chosen such that they satisfy
GN :=
∑
L←N
jLnNL −
∑
L→N
jLnNL = 0. (1)
Here, the notation L→ N denotes all links which are in-
going to the node N , while L← N denotes the outgoing
links.
For Riemannian signature, the local gauge group is
Spin(4). We use the Hodge duality in four dimensions,
under which its Lie algebra decomposes into spin(4) '
su(2)⊕ su(2), two commuting SU(2)-subalgebras, which
are the eigenspaces under the Hodge ∗ for eigenval-
ues ±1. Consequently, one has the group isomorphism
Spin(4) ' SU(2)×SU(2), and an irreducible representa-
tion of Spin(4) can therefore be depicted as pair (j+, j−)
of half-integers.
The undeformed vertex amplitude AΓ is constructed
2 In general, it is suspected that the knotting of the graph is impor-
tant for the formula of the vertex amplitude, as soon as quantum
groups are involved. As it turns out, however, Han’s heuristic
deformation does not seem to depend on the precise knotting
class of the graph Γ.
in the following way: Define3
j±L :=
|1± γ|
2
jL. (2)
For a unit vector n ∈ S2, define the coherent states
|j, n〉 := Dj(gn)|j j〉, (3)
i.e. the action on the highest weight vector with a group
element gn, which is such that gnez = n, with ez being
the unit vector in z-direction.4
Define the boosting map
βL : VjL −→ Vj+L ⊗ Vj−L (4)
is the isometric embedding of jL into the corresponding
subspace of the Clebsh-Gordon decomposition of
Vj+L ,j
−
L
' Vj+L ⊗ Vj−L ' V|j+L−j−L | ⊕ · · ·Vj+L+j−L . (5)
Also, denote by P : H → InvSU(2)×SU(2)(H) the operator
H :=
(⊗
L←N
Vj+L
⊗ Vj−L
)
⊗
(⊗
L→N
V †
j+L
⊗ V †
j−L
)
, (6)
which is the projector onto the invariant subspace of the
Hilbert space H.
With this, one defines the boosted Livine-Speziale-
intertwiners
ι±N := P
[⊗
L←N
βL|jL, nNL〉 ⊗
⊗
L→N
〈jL, nNL|β†L
]
.(7)
As a result of this definition, the tensor product of all
boosted Livine-Speziale intertwiners (7) is an endomor-
phism on the tensor product of all representation spaces
over the links, i.e.⊗
N
ι±N :
⊗
L
(
Vj+L
⊗ Vj−L
)
−→
⊗
L
(
Vj+L
⊗ Vj−L
)
,(8)
where the ι± = (ι+, ι−) factorise due to γ < 1. The
vertex amplitude Av is defined as the trace of this map,
i.e.
Av := tr
(⊗
N
ι±N
)
= A+v A−v . (9)
3 With the definition (2), one has to demand that all three jL, j
±
L
are half-integers, which puts severe restrictions on the Barbero-
Immirzi parameter γ. This is a pathology of the Riemannian
model, which does not occur in the Lorentzian context.
4 Given n ∈ S2, the corresponding gn is only defined up to a
U(1) ⊂ SU(2)-subgroup. Different choices amount to states
|j, n〉 which differ by a complex phase. For one vertex ampli-
tude, this phase is not important, while for larger triangulations,
the relative phases of these states in neighbouring vertices have
to be taken care of, since they encode the 4d curvature.
3FIG. 2. The two types of crossings C get assigned different
numbers σ(C) = ±1.
III. DEFORMATION OF THE MODEL
We now deform the model with a cosmological con-
stant term. The state-of-the-art method to do this is
to resort to replacing the group SU(2), which features
prominently in the construction of the EPRL-FK model,
by its quantum group counterpart SU(2)q, with q = e
2pii
k+2
a root of unity, where Λ = 6pi/(`2P k).
There is a heuristic alternative to this, which relies
on a deformation of the EPRL-FK model, which stays
purely on the classical level. This was proposed by
Han in the case of a 4-simplex [15]. Here we gener-
alise Han’s result to arbitrary vertices, and perform the
large-j-asymptotics, including the treatment of the Hes-
sian matrix.
Given the definition of the vertex amplitude AΓ, the
deformation is given in terms of a parameter ω ∈ R. It
is constructed as follows: The graph Γ needs to be pro-
jected down to the 2d plane, where it can be depicted
with crossings (see figure 3 for the example of a hyper-
cubic graph). For each crossing C in the graph between
two links L,L′ with spins kL, kL′ , define the crossing
operator
RC := e
iωσ(C)VC (10)
were ω ∈ R is the deformation parameter, σ(C) = ±1 is
the type of crossing (ove- or under-crossing, see figure 2),
and with
VC :=
∑
=±
4
(1  γ)2
3∑
I=1
D(jL)(X

I)⊗D(j
L′ )
(XI),(11)
where the X+I (X
−
I ) are an orthonormal basis of the self-
dual (anti-self-dual) su(2). The operator RC acts as en-
domorphism on V(j+L ,j
−
L )
⊗ V(j+
L′ ,j
−
L′ )
(5). By tensoring
⊗CRC with the identity operator for all links in Γ which
do not appear in a crossing, we obtain an endomorphism
on H5. The deformed vertex amplitude AωΓ is then de-
fined as
AωΓ := tr
(⊗
N
ι±N
(
1⊗
⊗
C
RC
))
. (12)
Note that while RC depends on the choice of orthonor-
mal basis, the amplitude AωΓ does not, due to the gauge-
invariance of each boosted Livine-Speziale intertwiner.
IV. LARGE-j ASYMPTOTICS OF THE
DEFORMED AMPLITUDE
In the case of γ ∈ (0, 1), the undeformed ampli-
tude AΓ = A+ΓA−Γ factorises over the two sectors (self-
dual and anti-selfdual). Since the respective generators
[X+I , X
−
J ] = 0 commute, so do the RC = R
+
CR
−
C , of
course. Hence, also the deformed amplitude factorises:
AωΓ = Aω,+Γ Aω,−Γ . (13)
First we note that, due to the factorisation property, it
is enough to look at only the +-part. To simplify nota-
tion, in what follows we abbreviate j+L → j, j+L′ → j′,
DJ+L
(X±I )→ XI , g+a → ga, etc..
In particular, we have that the (undeformed) +-
amplitude is given by
A+Γ =
∫
SU(2)NΓ
dga
∏
b→a
〈jab, nab| (ga)−1 gb |jab, nba〉
(14)
where the product ranges over all links, where in the
formula b is the starting point (source) of the link, and a
is the end point (target).
Now assume that there is a crossing between the link
b → a and b′ → a′. Then, in the deformed amplitude,
the two corresponding factors in the product (14) are
replaced by
〈Ψ| exp
(
4iωσ(C)
(1 + γ)2
3∑
I=1
XI ⊗XI
)
|Φ〉 (15)
with
〈Ψ| = 〈jab, nab|(ga)−1 ⊗ 〈ja′b′ , na′b′ |(ga′)−1
|Φ〉 = gb |jab, nba〉 ⊗ gb′ |ja′b′ , nb′a′〉
The expression (15) can be expanded to
5 Technically, by this definition, the graph has to be such that
4∞∑
n=0
1
n!
(
4iω
(1 + γ)2
)n 3∑
I1,I2,...,In=1
〈jab, nab| (ga)−1XI1XI2 · · ·XIn gb |jab, nba〉 (16)
×〈ja′b′ , na′b′ | (ga′)−1XI1XI2 · · ·XIn gb′ |ja′b′ , nb′a′〉
To consider the stationary phase of an individual term,
we use the resolution of identity
(2j + 1)
∫
S2
d2n |j, n〉〈j, n| = 1Vj (17)
n− 1 times, and write
〈jab, nab| (ga)−1XI1XI2 · · ·XIn gb |jab, nba〉
= (2j + 1)n−1
∫
(S2)n−1
d2ni 〈j, nab|(ga)−1XI1 |j, n1〉
×〈j, n1|XI2 |j, n2〉 · · · 〈j, nn−1|XIn−1gb|j, nba〉
The XI are the generators of the su(2) Lie algebra
[XI , XJ ] = iIJKXK , which is why, in the spin-
1
2 -
representation, we have XI = σI/2 in terms of the
Pauli matrices σI . We have therefore
〈j, n|XI |j, n′〉 = j〈n|σI |n′〉 〈n|n′〉2j−1, (18)
where |n〉 := | 12 , n〉. 6 With this, we can write
〈jab, nab| (ga)−1XI1XI2 · · ·XIn gb |jab, nba〉 (19)
=
∫
(S2)n−1
d2ni a(ni, ga, gb) e
S(ni,ga,gb) (20)
with
a(ni, ga, gb) = (2j + 1)
n−1jn
〈nab|(ga)−1σI1 |n1〉
〈nab|(ga)−1|n1〉
〈n1|σI2 |n2〉
〈n1|n2〉 · · ·
〈nn−1|σIngb|nba〉
〈nn−1|gb|nba〉
S(ni, ga, gb) = 2j
(
ln〈nab|(ga)−1|n1〉+ ln〈n1|n2〉+ · · ·+ ln〈nn−1|gb|nba〉
)
.
This is now in a form where one can perform the (ex-
tended) stationary phase approximation. Note that this
is for one term in the sum (16) only, and the variables
are all the ga, and, for every crossing, ni and n
′
i with
i = 1, . . . , n− 1 (the n′i vectors come from the term sim-
ilar to (19), with the dashed nodes a′, b′). First, we note
that the criticality condition ReS = 0 (where we consider
the whole action for AωΓ now), is equivalent to
ganab = gbnba (21)
and
ni = gbnba, n
′
i = gb′nb′a′ for all i. (22)
One should note that the criticality equations (21) for
the group elements ga are precisely the ones for the unde-
formed amplitude. The criticality equations for the unit
each link in the graph Γ is part of at most one crossing. This
is of course not the most general case, but our definition can
be straightforwardly extended to a graph with arbitrarily many
crossings per link, by trivially subdividing that link with two-
valent vertices, onto which one places the unique (by Schur’s
lemma) normalized intertwiner.
6 One can show (18) easily by using XI = −i ddt |t=0eitXI and the
product rule.
vectors ni, n
′
i (remember that, per crossing, there are
2(n− 1) unit vectors), are such that, on each edge which
participates in some crossing, all vectors have to be equal,
and coincide with the two normal vectors ganab = gbnba.
This shows that, using the same gauge symmetry as in
the undeformed case, setting one ga = 1, all critical
points are isolated, when they are also isolated in the
undeformed case.7
The stationary points are equally easily identified, and
they are, as in the undeformed case, the closure condition
for each node, and ni = gbnba, n
′
i = gb′nb′a′ for all i.
In particular, this means that, after gauge-fixing, the
critical and stationary points of the deformed and the
undeformed amplitude are in one-to-one correspondence.
Furthermore, it is easy to see that the value of the re-
spective actions, evaluated at corresponding critical sta-
tionary points, coincide.
7 This is, indeed, the generic case, e.g in the case of the nab forming
a Regge boundary geometry at the 4-simplex [13], in all cases of
the hypercuboid [21], or the hyperfrustum, if α ∈ (pi/4, 3pi/4).
[19]
5A. The Hessian matrix
To make the notation easier, we assume that there is
only one crossing. The general case with many cross-
ings can be treated similarly, though. We also assume
that there is at least one critical, stationary point g
(c)
a
for the undeformed (gauge-fixed) amplitude. Before we
continue, we perform a coordinate transformation on the
ga, ni, n
′
i variables, via
ga → ga, ni → gbni, n′i → gb′n′i. (23)
Since SU(2) acts via rotations on S2, the Jacobi matrix
for this transformations is equal to unity. The action
after the coordinate transformation is then given by
S(ga, ni, n
′
i) =
∑
cd 6=ab,a′b′
2jcd ln〈ncd|(gc)−1gd|ndc〉
+ 2jab
(
ln〈nab|(ga)−1gb|n1〉+ ln〈n1|n2〉+ · · ·+ ln〈nn−1|nba〉
)
(24)
+ 2ja′b′
(
ln〈na′b′ |(ga′)−1gb′ |n′1〉+ ln〈n′1|n′2〉+ · · ·+ ln〈n′n−1|nb′a′〉
)
.
Note that the first two lines in (24) are the same as
in the undeformed case, while the remaining two come
from the deformation due to the crossing. We compute
the Hessian matrix for the deformed amplitude, at the
critical stationary point
ga = g
(c)
a , ni = nba, n
′
i = nb′a′ . (25)
In particular, we introduce coordinates around this point
via ga = e
ixIaσIg
(c)
a and
ni = gnba
 sin θisinφi cos θi
cosφi cos θi
 , n′i = gnb′a′
 sinχisin ξi cosχi
cos ξi cosχi
 ,
(26)
where the angles take values in φi, ξi ∈ (−pi, pi) and
θi, χi ∈ (−pi2 , pi2 ). The critical and stationary point is
assumed at xaI = 0, φi = ξi = θi = χi = 0. The vectors
|ni〉 are then given by
|ni〉 = gnba exp
(
i
φi
2
σ1
)
exp
(
−iθi
2
σ2
)
|ez〉
= gnba
[(
cos
φi
2
cos
θi
2
+ i sin
φi
2
sin
θi
2
)
| ↑〉
+
(
cos
φi
2
sin
θi
2
+ i sin
φi
2
cos
θi
2
)
| ↓〉
]
,
where |ez〉 = | ↑〉 is the highest weight vector in the spin
1
2 -representation. A similar formula holds for |n′i〉. This
leads to
∂
∂φi
〈ni|ni+1〉|crit, stat = 0, (27)
and similar relations for the other angles. Also,
〈ni|ni+1〉|crit, stat = 1. (28)
Therefore, for all second derivatives which have at least
one derivative w.r.t. one of the angles, the ln can be left
out, e.g.:
∂2
∂φi∂φi+1
ln〈ni|ni+1〉|crit, stat
=
∂2
∂φi∂φi+1
〈ni|ni+1〉|crit, stat,
and similar relations for all other varying types of angles.
Thus we get, at the stationary and critical points:
∂2S
∂φ2i
=
∂2S
∂θ2i
= −jab, (29)
∂2S
∂ξ2i
=
∂2S
∂χ2i
= −ja′b′ .
Also, we get
∂2S
∂θi∂θi+1
=
∂2S
∂φi∂φi+1
=
jab
2
,
∂2S
∂φi∂θi
= 0,
∂2S
∂φi∂θi+1
= i
jab
2
,
∂2S
∂φi+1∂θi
= −i jab
2
. (30)
All other mixed φ, θ angle derivatives are zero. For ξ, χ
angles similar relations hold. Furthermore, we have
〈nab|(ga)−1gb|n1〉|crit, stat = eiψ. (31)
Using this and gagnab = gbgnbae
−iψσ3 , we get on the crit-
ical and stationary point that
6∂2S
∂xIb∂φ1
= 2jab
∂2
∂xIb∂φ1
ln〈nab|(ga)−1eixJb σJ gbgnbaeiφ1σ1/2e−iθ1σ2/2| ↑〉
= 2jabe
−iψ ∂
2
∂xIb∂φ1
〈nab|(ga)−1eixIbσIgbgnbaeiφ1σ1/2e−iθ1σ2/2| ↑〉 (32)
= jab
(
iV I2 − V I1
)
,
where in the end we have taken all angles φi = θi = 0.
Also, V IJ is the I-th component of the image of the J-th
unit vector under the rotation G := (gbgnba)
−1, i.e.
GσJG
−1 = V IJ σI . (33)
Furthermore, we have
∂2S
∂xIb∂φ1
= − ∂
2S
∂xIa∂φ1
(34)
and
∂2S
∂xIb∂θ1
= jab
(
iV I1 + V
I
2
)
(35)
= − ∂
2S
∂xIa∂θ1
=
1
i
∂2S
∂xIb∂φ1
Also, there are, again, equivalent relations for the ξ1 and
χ1 angles, where a → a′, b → b′. Finally, it is not hard
to see that the matrix of second derivatives of xIa
H˜cdIJ :=
∂2S
∂xIc∂x
J
d
(36)
at the critical and stationary point coincides precisely
with the matrix in the undeformed case - even if (cd) =
(ab) or (a′b′). The determinants of the Hessian matrix
H of the whole integral evaluates to
det(H) = (jabja′b′)
2(n−1) det(H˜). (37)
This is shown in appendix B.
From the analysis, it is clear that that the case of more
than one crossing is treated in complete analogy, since
each link is allowed to partake in at most one crossing.
Therefore, the Hessian matrix for the case of more than
one crossing can simply be computed by an induction
over the number of crossings C, and reduced to
det(H) = det(H˜)
∏
C
(jabja′b′)
2(n−1). (38)
B. Putting everything together
We now replace jcd → λjcd, and consider the asymp-
totic expression for λ → ∞. Using the normalized mea-
sure on S2 in φ, θ-coordinates (26), we get
dni =
1
4pi
dφidθi cos θi, dn
′
i =
1
4pi
dξidχi cosχi(39)
Denote by B the large-j-expression for the undeformed
+-amplitude (14), and by Bω its deformation. Then,
because the critical and stationary points are in one-to-
one correspondence, and the Hessian matrix det(H˜) for
the undeformed case can be pulled out of the sum, we
have Bω = B C with
C =
∞∑
n=0
1
n!
(
4iωσ(C)
(1 + γ)2
)n(
1
4pi
)2(n−1)(
2pi
λ
)2(n−1)
×
3∑
I1,I2,...,In=1
4n−1
(λjab)
2n−1(λja′b′)2n−1√
(jabja′b′)2(n−1)
×
n∏
i=1
(n˜ba)
Ii (n˜b′a′)
Ii
=
∞∑
n=0
λ2n
n!
(jabja′b′)
n
(
4iω
(1 + γ)2
)n( 3∑
I=1
(n˜ba)
I (n˜b′a′)
I
)n
= eiωλ
2σ(C) ~Xab·~Ya′b′ (40)
with the vectors n˜ab = ganab, and
~Xab = kab n˜ab, ~Ya′b′ = ka′b′ n˜a′b′ (41)
with 1+γ2 kcd = j
+
ab = jab. This stays finite if, additionally
to scaling jcd up by λ, scaling the deformation parameter
as ω → ωλ−2 at the same time.
This is the computation of the +-part, i.e. C+. It is
noteworthy that C− is the same expression, just with a
minus sign in the exponential, i.e. C− = (C+)−1.
Expression (40) is for one crossing. The case of many
crossings is straightforward, however, since we demanded
that each edge is part of at most one crossing. For many
crossings, one gets
C = eiω
∑
C σ(C)
~Xab·~Ya′b′ (42)
C. Relation to the cosmological constant
We now relate our final result (40) to the cosmological
constant. For this, we assume an amplitude in which
there are two distinct solutions to the stationary phase
equations (21).8 We denote these as g
(i)
a , with i = 1, 2.
8 This seems to be the case whenever the boundary data allows
for a unique, non-degenerate 4-geometry [19, 21, 22].
7FIG. 3. The boundary graph of a hypercuboid (or a hyperfrus-
tum). This graph has eight nodes, 24 links, and six crossings.
The lines going to infinity all meet at node 7.
We denote the asymptotic expression for the undeformed
amplitude by
A±Γ −→ B±(1) + B±(2), (43)
and from this and (40) one gets that
AωΓ −→
(
B+(1)C+(1) + B+(2)C+(2)
)(
B−(1)C−(1) + B−(2)C−(2)
)
= B+(1)B−(1) + B+(2)B−(2) (44)
+ B+(1)B−(2) C+(1)C−(2) + B+(2)B−(1) C+(2)C−(1).
The terms B+(1)B−(1) and B+(2)B−(2) evaluated on the same
solution, have been called “weird terms”, and one can
see that they remain unchanged under the deformation
of the model. The mixed terms however do get changed,
and one has
C+(1)C−(2) =
(
C+(2)C−(1)
)−1
= exp
(
iω
∑
C
σ(C)
(
~X
(1)
ab · ~Y (1)a′b′ − ~X(2)ab · ~Y (2)a′b′
))
= exp
(
12iω
∑
C
σ(C) ∗ (Bab ∧Ba′b′)
)
. (45)
Here ∗ denotes the Hodge dual, Bab = ( ~X(1)ab , ~X(2)ab ) and
Ba′b′ = (~Y
(1)
ab ,
~Y
(2)
ab ) are the bivectors in R4 ∧ R4 '
so(4) ' R3 ⊕ R3 associated to the edges (ab) and (a′b′),
which are constructed from the two distinct solutions g
(i)
a .
See appendix A for details.
In the case of a 4-simplex, the expression in (45) has
been shown to be proportional to the 4-volume of such a
simplex, given by the boundary data [15]. For the case of
the hyperfrustum, which has a boundary graph depicted
in figure 3, the critical and stationary equations have
been solved in [19], and the solution can be shown, with
the notation from that article, to be∑
C
σ(C) ∗ (Bab ∧Ba′b′)
=
k(j1 + j2)
2
√
1− (j1 − j2)
2
8k2
= Vfrustum,
where Vfrustum is the 4-volume of the hyperfrustum. In
the case of a hypercuboid, a similar calculation can be
carried out. With the notation from [12] and the conven-
tions in appendix A, one finds∑
C
σ(C) ∗ (Bab ∧Ba′b′) = j1j6 + j2j5 + j3j4
3
, (46)
which coincides with Vhypercuboid if the geometricity con-
ditions j1j6 = j2j5 = j3j4 are satisfied. See [12] for a
closer discussion of this point, and the relation to the
volume simplicity constraints within the EPRL model.
One can show, indeed, that for convex 4-dimensional
polyhedra P one has in general that
VP =
∑
C
σ(C) ∗ (Bab ∧Ba′b′) . (47)
A proof will be presented in another publication.
V. SUMMARY AND CONCLUSION
In this article, we have discussed a generalisation of
Han’s deformation of the Riemannian signature EPRL
model for Barbero-Immirzi-parameter γ ∈ (0, 1), to ar-
bitrary vertices. It amounted to introducing an operator
depending on a deformation parameter ω, and we have
considered the definition for arbitrary graphs as well as
the corresponding asymptotic expression of the deformed
amplitude AωΓ . This deformation works by introducing
an operator for each crossing C of the graph Γ in the
formula for the amplitude.
The main statement is that the deformed amplitude
AωΓ has a close connection to AΓ, the undeformed one.
Firstly, the equations for the stationary critical points
in the asymptotic analysis are in one-to-one correspon-
dence. Also, we could show that the Hessian determinant
can be treated, and is just a multiple of the undeformed
one. This led to an expression of the asymptotic expres-
sion in terms of the original Regge action. In particu-
lar, the original expression consists of the so-called weird
terms, as well as the cosine of the Regge action. Our
analysis shows that the weird terms remain unchanged,
while the Regge action is replaced by a term ΛV , where
Λ = −12ω, and V is an expression which, if the bound-
ary data is that of a convex, non-degenerate polyhedron,
is equal to its volume.
AωΓ →W +W ∗ +
2
|D| cos (SRegge − ΛV ) . (48)
8This way, the deformation provides, in a straightforward
way, a generalization of the EPRL-KKL model to include
a non-zero cosmological constant Λ.
There are two points of note in this analysis:
1. There are cases in which the boundary data does
not describe a vector geometry (in that there are
two critical and stationary points), while not de-
scribing a 4d polyhedron. These “non-geometric”
configurations have been discussed in [21, 22], and
their presence can be attributed to the insufficient
implementation of the volume simplicity constraint.
The expression V , however, still exists and is non-
zero. It is unclear what its geometric interpretation
is in that case.
2. The original EPRL-KKL amplitude AΓ is defined
on a graph Γ, but does not depend on its knot-
ting class. As a consequence, the physical inner
product therefore also does not [23]. Interestingly,
the deformation AωΓ , however, does depend on the
knotting of Γ. This is a property it shares with the
quantum group deformations of the model. One
can conjecture that this would lead to a physical
Hilbert space in which graphs with different knot-
ting classes are not equivalent. This could have
interesting physical ramifications. [24]
It should also be noted that, while the expression
V (45) is a knotting invariant in the asymptotic limit,
i.e. does not depend on the way in which the graph Γ is
presented on the plane [12], it is unknown whether the
same is true for the quantum amplitude. We will return
to this point in a future article.
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Appendix A: Bivector conventions
A bivector Bab = −Bba ∈
∧2R4, a, b = 0, 1, 2, 3, can
be dualized via the Hodge operator
(∗B)ab := 1
2
abcdBcd, (A1)
where indices are raised and lowered with the Kronecker
delta δab. The Killing form on
∧2R4 is taken to be pos-
itive definite as
〈B1, B2〉 := −1
4
tr(B1B2). (A2)
The isomorphism
∧2R4 ' R3 ⊕ R3
B ↔ (~b+, ~b−) (A3)
is given by
b±,I =
1
2
(
B0I ± 1
2
IJKBJK
)
(A4)
with I = 1, 2, 3. The wedge product of two bivectors B
and C is defined to be
(B ∧ C)abcd = 1
24
abcd
efghBefCgh. (A5)
Acting with the Hodge dual on this yields a number
which is
∗(B ∧ C) = 1
24
efghBefCgh
=
1
12
(
~b+ · ~c+ −~b− · ~c−
)
,
and which can be regarded as the expression for the 4d
volume in the volume simplicity constraint [2, 12].
Appendix B: Determinant of the Hessian
The Hessian matrix of a term at level n of the expan-
sion (16) is rather involved, and needs to be treated with
care. Its matrix elements are given by (29), (30), (32),
(34), (35), and (36). In all that follows, remember that
the indices a, b, a′, b′ are not free, but (ab) and (a′b′) label
the links in the graph which are crossing. If we need free
indices from the beginning of the alphabet to indicate
nodes, we’ll begin with c, d, . . ..
With this, we get that the final Hessian matrix is of
the form
H =
(
A B
BT C
)
, (B1)
where C is the same Hessian matrix as in the undeformed
case, B is the matrix of mixed XIc and angle variables,
and A is the quadratic matrix of two angle derivatives.
We have
det(H) = det(A) det(C −BTA−1B). (B2)
First, we consider the matrix 4(n − 1) × 4(n − 1)-
dimensional matrix A. It is of the form
A =
(
D 0
0 D′
)
, (B3)
where the order of the indices is as:
φ1, . . . , φn−1, θ1, . . . , θn−1, ξ1, . . . , ξn−1, χ1, . . . , χn−1.
(B4)
D is therefore the 2(n−1)×2(n−1)-dimensional matrix
which has the form
D =
jab
2
(
E F
−F E
)
, D′ =
ja′b′
2
(
E F
−F E
)
9with E and F being (n−1)×(n−1)-dimensional matrices,
with
Err = −2, r = 1, . . . , n− 1,
Er,r+1 = Er+1,r = 1, r = 1, . . . , n− 2,
Fr,r+1 = i r = 1, . . . , n− 2,
Fr+1,r = −i, r = 1, . . . , n− 2,
and all other entries being equal to zero. One readily
computes
det(D) = j
2(n−1)
ab , det(D
′) = j2(n−1)a′b′ , (B5)
as well as
D−1 =
1
2jab
(
K L
−L K
)
, (B6)
(D′)−1 =
1
2ja′b′
(
K L
−L K
)
,
with
Krs = −δrs − 1, Lrs =
 i r < s0 r = s−i r > s (B7)
with r, s = 1, . . . , n− 1. With this, we get
det(A) = (jabja′b′)
2(n−1). (B8)
Next we are turning our attention to the part BTA−1B.
We note that the matrix B is of dimension 4(n − 1) ×
3N , where 3N is the number of different values of the
multi-index (cI), i.e. N is the number of nodes in the
graph. Out of these 3N columns, only twelve contain
(potentially) nonzero entries, namely aI, bI, a′I, and b′I,
with I = 1, 2, 3. These columns are (u runs from 1 to
4(n− 1), in the order (B4) given above):
Bu,(aI) = x
I δu,1 − ixI δu,n
Bu,(bI) = −xI δu,1 + ixI δu,n
Bu,(a′I) = y
I δu,2n−1 − iyI δu,3n−2
Bu,(b′I) = −yI δu,2n−1 + iyI δu,3n−2,
with xI = jab
(
iV I2 − V I1
)
and yI = ja′b′
(
i(V ′)I2 −
(V ′)I1
)
. Denote
M := BTA−1B, (B9)
then it is clear that M is a 3N × 3N matrix, which has
zero entries until both row and column index are equal
to one of the tweleve combinations (aI), . . . (b′I) above.
Now it is straightforward to show that also
M(aI)(a′J) = M(aI)(b′J) = M(bI)(a′J) = M(bI)(b′J) = 0,
and similarly for other mixed combinations. This is
clearly the case, since A−1 is block-diagonal, as can be
seen from (B3). The potentially nonzero entries are
M(aI)(aJ) =
2(n−1)∑
u,v=1
Bu,(aI)Bv,(aJ)(D
−1)uv
=
1
2jab
(
xIxJK11 − 2ixIxJL11 + (ixI)(ixJ)K11
)
= 0,
as can be seen from (B6) and (B7). We also get
M(aI)(bJ) =
2(n−1)∑
u,v=1
Bu,(aI)Bv,(bJ)(D
−1)uv
=
1
2jab
(
− xIxJK11 + 2ixIxJF11 + (−ixI)(ixJ)K11
)
= 0.
Similar relations hold for M(a′I)(a′J), etc., which lets us
conclude that
M = 0. (B10)
With (B2) and (B8), this immediately leads to
det(H) = (jabja′b′)
2(n−1) det(C), (B11)
where C is the Hessian matrix of the undeformed case.
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